Multi-soliton, multi-positon, multi-negaton, and multi-periodic 
solutions of the coupled Volterra lattice equation 



Hai-qiong Zhao Zuo-nong Zhu 
Department of Mathematics, Shanghai Jiao Tong University, 
800 Dongchuan Road, Shanghai, 200240, P.R. China 

15 November 2009 



Abstract 

This paper aims to find new explicit solutions including multi-soliton, multi-positon, multi- 
negaton, and multi-periodic for a coupled Volterra lattice system which is an integrable discrete 
version of the coupled KdV equation. The dynamical properties of these new solutions are 
discussed in detail. 

PACS numbers: 05.45Yv, 04.30Nk, 04.20Jb 

1 Introduction 

As is well known, in recent years there has been an explosion of interest in the study of discrete 
integrable systems. This is due to the important role they play in mathematics and physics and to 
their many applications. The Volterra equation 

^ + U n (U n+1 - U n -{) = (1.1) 

is an important lattice. It has been shown that the Volterra equation possesses all useful integrable 
properties. For example, it can be solved by the inverse scattering transform [T]; it has the Darboux 
transformation and various solutions [2j; it possesses infinitely many generalized symmetries and in- 
finitely many integrals of motion [3] -[5]; it gives the KdV equation in the continuous limit. As we 
known, the topic on the relations between discrete integrable systems and KdV-type theories has 
attracted much researches |6j-[9|. Here we quote Morosi and Pizzocchero's monograph [8]. In their 
paper, KdV theory including the infinitely many commuting vector fields, the conserved functions, the 
Lax pairs and the bi-Hamiltonian structure is recovered systematically through the continuous limit 
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of the Kac-Moerbeke (KM) system. Aiming to get more insight on the relation between Volterra-type 
lattice and KdV-type equation, recently Lou et al [10] introduced a coupled Volterra system 



a n + a n {a n+ i - a n -i) - ab n (b n -\ - b n+ i) = 0, 
b n + b n (a n +i ~ a n -i) + a n {b n +i - &n-l) = 0, 



(1.2) 



which yields the two-coupled KdV equation 



Ut + 6avv x + 6uu x + u- 
v t + 6vu x + 6uv x + v xx 



'XXX 



= 



= 



(1.3) 



through the continuous limit 




t) 




(1.4) 



Equation (jl.3p has some physical applications including the atmospheric dynamics, Bose-Einstein 
condensation and two- wave modes in a shallow stratified liquid [H]-[l3]. As we known, finding explicit 
exact solutions for the discrete integrable systems is an important and difficult problem. In Ref.|lUj. by 
using a simple function expansion method, various explicit solutions to equation (jl.2p such as solitary 
wave, positon, and complexiton have been given. The generalized symmetries, recursion operator, and 
integrability of coupled Volterra system (jl.2p with a = — 1 were given |14| . 



We first remark here that under transformations yj—ab n — > b n (for the a < case), or \fab n — > ib. 

(for the a > case), equation (jl.2p changes to 



Although various explicit solutions for equation (jl.5p have been given, the more general multi-soliton, 
multi-positon, multi-negaton, and multi-periodic solutions have not been proposed. We think that 
these explicit solutions can not be given by using function expansion method. Since coupled Volterra 
system (1.2) yields coupled KdV system (1.3) in continuous limit, while the latter has many physical 
applications, we think that finding new explicit solutions to coupled Volterra system (jl.5p are impor- 
tant. This paper is devoted to make an effort on this topic. We hope to find new explicit solutions by 
using the Darboux transformation. It should be remarked that Darboux transformation not only is 
a useful method of obtaining explicit solutions, but also has an important role in mechanics, physics 
and differential geometry |15]-|21j. In this paper, we first construct the Darboux transformation for 
the coupled Volterra system (|1.5|) by a special observation. And then, new explicit solutions for 
(|1.5p including multi-soliton, multi-positon, multi-negaton, and multi-periodic are derived by using 
the Darboux transformation. We also analyze some dynamical properties for these new solutions. 




a n + a n (a n+ i - a„_i) + & n (6 n _i - & n+1 ) = 0, 
b n + b n {a n+ i - a„_i) + a n (b n+ i - b n -i) = 0. 



(1.5) 
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2 Darboux transformation for the coupled Volterra system ( 11.51 ) 

In this section, we will construct the Darboux transformation for the coupled Volterra system 
(|1.5p by a special observation. We can see that the coupled Volterra system can be read off from the 
real and imaginary parts of the complex Volterra system 

dtlr 



dt 



" + U n (u n+1 - Un-l) = 0, 



where u n = a n + ib n . We thus can write the Lax pair of coupled Volterra system (jl.5 

(2) _ w ,(2) _ U A 1 ) _ „ ./,(2) 



, ,(1) 



dip. 



(2) 



off 



from the real and imaginary parts of the complex Lax pair of the Volterra system 

4>n+l + U n (p n -\ = X(f) n , 
— U n (p n 

+ XUn<f> n -i, 



dt 



(2.1) 

(2.2a) 
(2.2b) 

(2.2c) 
(2.2d) 

(2.3a) 
(2.3b) 



where 4>(n, t) = ip^ (n,t) + iip^ (n, t) . Further, we point out that the iV-step Darboux transformation 
of the real Volterra lattice is applicable to the complex Volterra lattice. 



(2.4) 



Theorem 2.1 Equation (12.31) are invariant with respect to Darboux transformation 

— 1,711 •'•) 9*1,71) 



Mm 



W((f>N, n -l,<f>N-l,n-h ••> 4>l,n-l) 



where <pi n is a fixed solution of (|2.3[) taken at the point A = Aj (i = 1,2,3, N), and <p n is a 
solution of (|2.3p for arbitrary spectral parameter A; where 



W((f>N,n~l, 4>N-l,n-l, — , 01,n-l) 



^JV 1( pN,n-l A^_{0at_i 



N-l 



rt-1 



\ N—2 1 

A N 9N,n-2 



\ N—2 1 

Aj V _ 1 (/>JV-l,n-2 



XN<pN,n-N+l XN-l4>N-l,n-N+l 
4>N,n-N 4>N-l,n-N 



,N-2 

1,71-2 



Ai <P 



Al01, n -JV+l 
<h,n-N 



(2.5) 



NxN 
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W((j> n , 4>N,n, (/>N-l,n, ■■; 4>l,n) 



A$0JV,n 
, 2V-1 



^ N Vn-1 A^ 1 (pN,n-l A^_j0AT_i jn _i 

A0 n -7V+1 ^ N 4* N ,n— N +1 ^N-l4*N-l,n-N+l 
4>n-N 4>N,n-N 4>N-l,n-N 



^1 <Pl,n-l 



Al01, n -JV+l 
<fa.n-N 



(JV+l)x(JV+l) 



</> n [iV] satisfies the following linear system: 

<Pn+l [N]+u n [N]<t> n - 1 [N] = \(t> n [N], 



dt 



-u n [N](l> n [N) + \u n [N](l) n -i[N}, 



where u n [N] are defined by 



Wn-l(N)W n+ 2(N) w fAn „„, , , , 

U„,[iVJ = ^n-jV w / A nw TatT^ Wn(iV) = VV (pjV.n-l, PJV-l.n-l, 01,n-l) 



(2.6) 



(2.7a) 
(2.7b) 

(2.8) 



The proof of this theorem in the real case is given in [2]. Substituting u n = a n + ib n and 4>(n,t) = 
n,i) + i^ 2 \n,t) into Theorem 2.1 and separating the real and imaginary parts of (|2.4p - (|2.8p , 
we obtain the following iV-step Darboux transformation for coupled Volterra system (|1.5|) : 



Theorem 2.2 Equation (|2.2p are invariant with respect to Darboux transformation 



;(2)r V l _ W'(0n,^jV,n,^JV-l,n,-,</'l,n)W^(iV) - W^n, 0N,n, <j>N -l,n, -, 01,n)^(AQ 



where tp^ and ipf^ the fixed solutions of (|2.2p tafcen a£ i/ie poini A = Aj (i = 1, 2, 3, N). ipn' [N] 

(2) 

and ipn [N] satisfy the following linear systems: 

^[N] = X^[N] + bnlN^lN] - anim^iN], (2.10a) 

^n+M = \4 2) [N] - MWiSiM - anlNty^lN], (2.10b) 

= b n [N]^[N] - a n [N]^[N] + Xa^N^lN] - A6 n [iV]^JiV], (2.10c) 



Wf 
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= -b n [N]4p[N] - a n [N]^[N] + Xb n [N]^\[N] + Aa n [AT]V&[iV], 



dt 

where a n [N] and b n [N] are defined by 



(2.10d) 



a n [N] 



AjN) 
A(iV)' 



b n [N] 



B(N) 
A(N)' 



(2.11) 



with 



A(N) 



+ 



W^ X {N) W^ +2 (N) 



W^N) W* n+2 {N) 



W r n {N) a n . N w; l+l {N) - b n „ N w; l+l {N) 

W*(N) a n . N Wr +1 (N) + b n . N Wi +1 (N) 

W r n {N) -b n - N Wi +1 (N)-a n - N Wr +1 (N) 
W*(N) -b n ^ N Wr +1 (N) + a n „ N Wl +l (N) 



(2.12a) 



B(N) 



W r n+2 {N) 



W r n _ x {N) Wl 
WUiN) Wl +2 (N) 



Wr(N) b n ^ N W^ +1 (N)+a n _ N Wr +1 (N) 
W*(N) b n - N Wr +1 (N)-a n - N Wi +l (N) 
W r n {N) a n . N Wi +1 {N) - b n . N Wl +1 {N) 
W*(N) a n „ N Wr +1 (N) + b n . N Wi +1 (N) 



(2.12b) 



A(N) 



W r n {N) 
W*(N) 



W r n+l (N) 



w:(n) 



W n (N) + W*(N) 



Here W*(N) is conjugation ofW n (N). 



+ 



W r n {N) 

W n (N) 



n+l 

l^(iV) 



Wl(N) 



W*{N) 



2i 



(2.12c) 
(2.12d) 



It is obvious that the solutions a n [iV] and are described by the wave functions of the spectral 

problem (|2.2p with A = Aj (i = 1,2,3, N). For example, suppose a n ,b n are seed solutions, the 
first-step Darboux transformation yields new solutions a n [l] and b n [l\: 

^(1) , mi 



a n [l] 



A(l)' 



bn[l] 



A(l)' 



(2.13a) 



A(l) 



B(l) 



ri.n- 



n 
+ 



(2) 



2 

ri,n- 



^l.n+l 
^l,n+l 



^l,n-l 



,(2) 



-t/> (1) 



^ (2) 



-l^l + bn- 
-bn-l^l 



■in 

— a 



(2) 



-.1*2 



(2) 



+ 



^ (2) 
^l,n+l 

^l,n+l 



(2) 



T/> (3) 

"TLn-1 



(1) 



(1) 
n+l 

^l,n+l 



Wl.n-l 
^ (2) 



,(2) 
-l^!n + &r, 



,(2) 

-m,n, 

(2) 



-in 



(2.13b) 



(2.13c) 
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A(l) 

The new wave functions are 

^i 2) [l] = 



(2) 



ri,n-l 



^1 



(1) 



+ 



Vn.n-l 
<rL,n-l 



ir 



(2) 



(4Ll) 2 + (CU) 



(2) 



where 



>n, VI, n) 



V-n-l ^l.n-l 

A^i 2) AxVS 

^(2) ^(1) ' 

^n-l </Y n -l 



A^ 2) AiV^i 



^ (2) 

r n -l 



^l,n-l 



av4 1} A^fi 

^(1) ^(2) ' 



and and ?/^ 2 ^ are the solutions of the spectral problem (|2.2p with A = Ai correspondin; 
seed solutions a n and 6 n . The second-step Darboux transformation yields 



On [2] 



A(2) 



b n [2] 



B(2) 



A(2)' "" L ~ J A(2)' 
where -A(2), B(2), and A(2) are given by equation (2.12) with N = 2 in which 



K(2) 



Y2,n-2 



y\,n-2 



2,n-l 



A 2 ^ 

^2,ra-2 



ra-1 



^l,n-2 



A 2^2.n-1 A l^l,n-1 



^2,n-2 



^l,n-2 



+ 



A 2^2,n-1 A lVl, n -l 



y\,n-2 



(2.13d) 

(2.14a) 
(2.14b) 

(2.15a) 

(2.15b) 
5 to the 

(2.16) 

(2.17a) 
(2.17b) 



and tp^ and tp^' are solutions of the spectral problem (|2.2p with A = Aj(i = 1, 2). 



i,n 



3 Multi-soliton, multi-positon, multi-negaton, and mult i- per iodic 
solutions to the coupled Volterra system (1.5) 

In this section, by using the Darboux transformation, we will construct explicit solutions for the 
coupled Volterra system (jl.5p . Obviously, equation (1.5) has a seed solution a n = l,b n = 0, which is 
related to the spectral equation 



^ii = A #-tfii 



1,2 



(3.1a) 



6 



dt 

We solve this spectral equation as 

(a) for 2 < A < +00 or -00 < A < -2 , 



A^-V^, t = l,2. 



V4< 



" -cPfc-^ + c^fcV" 2 *, z = 1,2, 



where A = k + \ ; 
(b) for -2 < A < 2, 

^(*) = e tcos2fc[ c « cos ( fen _ ts [ n2 k) + 4° sin(A;n - t sin 2*;)], i = 1,2, 



where A = 2cos(/c); 
(c)for A = ±2, 



4 i ) = (±l) n [cS i) (n-2t)+4 i V, . = 1,2. 



(Out 



(3.1b) 



(3.2) 



(3.3) 



(3.4) 



By using the Darboux transformation, we obtain the various explicit solutions to coupled Volterra 
system (1.5) including multi-soliton, multi-positon, multi-negaton, multi-periodic, soliton-periodic, 
soliton-rational, and periodic-rational solutions. 



Example 1 Taking eigenfunctions ip^ and ip^n as the following, 



4® 
ri, n 



t cos 2k! \JS) 



(0 



1,2: 



[qf cos(/cin — tsin2A;i) + sin(fein — tsin2fci), 



1,2; 



jo 



(Out 



1,2, 



(3.5) 

(3.6) 
(3.7) 



and then using 1-step Darboux transformation, we obtain 1-soliton, 1-periodic, and 1-rational solutions 
respectively. These solutions are given by 



in[l] = 



b n [l] = 



JXi J?) 

Yl,n-2 Yl,n+l 
Tl,n-2 ri,n+l 


W,(l) ^(2) 
^(2) ^(1) 


+ 


W,(2) ^(2) 


ri,n-i ri, n 

^(2) ^(2) 
^1,71-1 n,n 


ri,n-2 ri, n +l 
^(2) ^(1) 


./,(!) ^(2) 
V%n-1 ri, n 

^(2) ^(1) 

V'S-i -4 


2 

) 

1 

2) 
.rt 


+ 
+ 


W,(!) _W,(!) 
ri, n -l V% n 

^,(2) ^(2) 
W,(2) ^(2) 


2 

t+1 
fl 


^(2) 

W,(2) ^(1) 




W,(l) W,(2) 
W,(2) ^(1) 


2 

+ 


Yl,n-1 Vl,n 


2 



fl(l) 

A(l)' 



A(l) 



(3.8a) 



(3.8b) 



Here we write down 1-soliton solution: 

a(l) = ((4V) 2 + (<jf) J )V M ^ + ((4V) 2 + (cSmf^e^ 

+[2((4¥) 2 - (4?) 2 )((4V) 2 - (4?) 2 ) + s4MMMV ( * f+fer2)t + (** + k 1 + + k 3 ) 
x(c« c « + 4?4?)K(4V) 2 + (4?) 2 )^ (2n - 1) e (3 ^ +fc 1 - 2)t + ((4V) 2 + (4 2 1 ) ) 2 )M 2n - 1) e^ +3fc 1 " 2)t ] 
+((4V) 2 + (4?) 2 )((4i ) ) 2 + (4?) a )(fc + fci- 1 )^ + fcx- 8 )^^ 4 
6(D = (4V4? - 4V4? )( ^ + *r 3 - fci - ^)[((4V) 2 + (cff^fcr^e^^ 

+((4! ) ) 2 + (4?) 2 )A;? n - 1 e( fe ? +3fe r 2 )*] 

a(d = [2( (c «) 2 - (4?) 2 )((4¥) 2 - (4?) 2 ) + a^cM'cgytf+o* + 2(c « c « + 

x(fcx + ibr 1 ) [((4V) 2 + (<fi ) ) a )A^ (ita - 1) e<^+*r*)* + + (4 2 1 ))2)^-i e (fc?+3fcr 2 )*] 

Their plots are given in the Fig. 1. (1-soliton with c^V = 4V = 4i = 1>4? = — 1 ; ^1 = 2; t = 5; 
1-periodic with 4V = 4V = 4i = 1j4i = 2; &i = t = 2 and t = 2 + sil ^_ff ; 1-rational with 

4V = 4V = 4? = !> 4? = -io; Ai = 2-t = i). 




-1.0 



-si 












/ — N 




-40 -20 20 40 



r 



-40 -20 20 40 




-0.04 



-30 -20 -10 



20 30 40 



Fig. 1. 1-soliton, 1-periodic, 1-rational 
Example 2 Taking eigenfunctions and ^f\ij = 1,2) as the following, 



*J% = c t k T^ + " J = 1. 2), 



* cos 2fej r (*) 



cos(kjn — ts'm2kj) + 4j cos(kjn — tsin2kj)], = 1, 2), 



(3.9) 
(3.10) 
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we obtain 2-soliton and 2-periodic solutions, respectively. Taking and ^ 2n (i=l ; 2) as the forms 
(3.5) and (3.6), or (3.5) and (3.7), or (3.6) and (3.7), we obtain soliton-periodic, soliton-rational and 
periodic-rational solutions, respectively. They are given by 



a n [2] 



W£_i(2) W£ +2 (2) 
WU{2) W r n+2 {2) 



Wl(2) 
Wi{2) 



Wl +1 (2) 
W r n+l (2) 



+ 



^-l(2) 

wi_!(2) 



~W r n+2 (2) 
W l n+2 {2) 



Wr(2) 

Wi{2) 



~W r n+1 {2) 
W£+i(2) 



W£(2) 



Wj+i(2) 
W r n+1 (2) 



+ 



Wl(2) 



W n+1 (2) 



b n [2] 



Wr_ ± (2) Wi +2 {2) 



W r n (2) 
Wi{2) 



W r n+l {2) 
~Wl +1 (2) 



w;_ 1 (2) -wr +2 (2) 

W*_ 1 (2) W„ +2 (2) 



W;(2) W* +1 (2) 
W*(2) W£ +1 (2) 



W£(2) 
W*(2) 



Wj+i(2) 

^+l(2) 



+ 



where 



^(2) 



Wj(2) 



AiYfi-i 



(i) 



Y4. 



W£(2) 
W„(2) 



-^+l(2) 

wi+i(2) 



AiVi' 



(2) 



n-1 



(2) 



n-1 



+ 



a 2 4 2 L 

^2,n-2 



For the 2-soliton case, we have 
W r n {2)) 



(X 2 k 1 - AifcaXcFMV 



+ (A 2 /c 2 



Aifci)(c 21 ' ) c 22 ^ 



'11 c 12 
J2)J2) 
L 21 L 22 



)(W 



-(n-l) p (fc 2 +fc 2 )t 



\n-2 



3(^1 ' )^ 



+ (A 2 ^ - A 1 fc 2 )( C gc« - cg4?)(|)-^^ 2 + ^ 



+ (A 2 ^ - A^Xcffcg - 4? C g)(|)-(-^(^^- 2 )* 



W*(2) 



(A 2 fci - 
+ (A 2 fc 2 

+(A 2 ^ 
+ (A 2 fc x 



Aifc 2 )(4 2 1 ) 4 1 2 ) + C [ 1 1 ) cg ) )(fe 1 A; 2 )-(«- 1 ) e ( fc ?+ fe i)* 

,(1)J2) . (2) (1) 



! )n-2 e (fe 1 " 



- 2 +fc- 2 )t 



-A 1 fc 2 )( C S 1 2 )4 2 1 ) +cS 2 2 ) C «)(|)- 1 e^ 
A^Xcgcg + cffcg)^)-^^^^ 2 )* 



■ 2 '~k 2 2 )t 



The Fig. 2 describes the evolutions of a 2-soliton with c 



(i) 
it 



^2i 



1 c (2) 



,(2) 
'22 



(3.11a) 
(3.11b) 



(3.12a) 



(3.12b) 



1 c (2) 

c 12 



,( 2 ) - 
L 21 — 

— 1, k\ = 2,fc 2 = 3. Next let us give an analysis of the periodic property for the 1-periodic and the 
2-periodic solutions. Note that 



a n [1] = R\ (sin 9\ , cos 6\ ) &„[!] = i? 2 (sin #1 , cos 9\ ) , 
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where Ri,R 2 are two rational functions of variables, and 9\ = 2k\n — 2tsin2fci. We thus have 



a n [l] = a n+ *_[l], b n [l] = b n+ *_[l], (3.13a) 



a n [l](t) = a n [l](t + -^-), b n [l](t) = b n [l](t + -^-) (3.13b) 

where ^j- is an integer. This means that the solutions a n [l] and b n [l] are periodic in both space and 
time. As for 2-periodic solution case, the periodic property is dependent on the choice of k\ and k 2 . 
A tedious computation yields 

a n [2] = R 3 (sm9i,cos9i,s'm92,cos8 2 ,sm(9i +# 2 ),cos(#i +6> 2 ),sin(#i - 6> 2 ),cos(6>i - 6> 2 )) 

b n [2] = i?4(sin^i, cos 6*i, sin #2, cos #2, sin(6*i + 6*2), cos(6>i + 6*2), sin(6>i — 6*2), cos(6*i — 6*2)) 
where 9 2 = 2k 2 n — 2isin2/c2, -R3 and R4 are two rational functions of variables. We thus obtain 

a n [2] = a n+mjL [2l b n [2] = b n+m2L [2], (3.14a) 

a n [2](t) = a n [2](t + -^-), b n [2](t) = b n [2](t + -^g-) (3.14b) 

smzfci smifci 

where vriiii = 1,2,3,4), and are positive integers, and mi, hi and k 2 satisfy the following 
conditions: 

ki m 1 sin/ci m 3 

t = — . —r = — • ( 3 - 15 ) 

k 2 m 2 smk 2 7714 

The 2-periodic solutions a n [2] and b n [2] therefore are periodic in both space and time under the proper 
conditions. In the Fig.3, we make the plots for two cases: (1) a n [2], b n [2] are periodic in space; (2) a n [2], 
b n [2] are periodic in both space and time (two different 2-periodic solutions with = = = 

1, c^i = 2, = —2; for the first case, k\ = k 2 = jq and t = 2; for the second case, k\ = k 2 = 
and t = 2 or t = 2 + 2-7r). The plots of soliton-periodic, soliton-rational, and periodic-rational are given 
in the Fig. 4 (soliton-periodic with Cyj = = l,c^ = l,c^ = — 1> c 2i^ = ~~ ^-^22 = 3;/ci = 

2, k 2 = 3; soliton-rational with = = l,c^i = l,c^ = — l) c 2i^ = — l) c 22^ = 3; k± = 2, X 2 = 2; 
periodic-rational with = = 1, = 1, = —1, c^i = ~^> c< 22 = 3; A?i = 2, A2 = 2 ) 
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Example 3. In this example, we give the positon and negaton solutions. The term "positon" and 
"negaton" may be pursued back to the works of Matveev et al. [22]-[26]. The positon is usually given 
by the trigonometric functions. The positon has some important properties which differentiates it from 
the soliton. For example, it has a square singularity at certain point Xo(t), and has slow oscillating 
decay at infinity, and changes its form with time. The negaton is usually described by the hyperbolic 
functions. The nonsingular negaton possesses similar behaviour of the soliton-like. However, it is 
different from the soliton. It is not a translational solution and changes its form with time. Following 
the strategy outlined in [25], we can obtain the positon and negaton solutions for coupled Volterra 
system (1.5). We first note that the limit k 2 — > k\ leads to the following Taylor expansion of 4li and 

W,(2). 



41 = 41 + -sr^l^fci x (to - h) + o((k 2 - hf), 



41 = 41 + 



dk 2 

d4j 
dk 2 



Then we can rewrite W^{2) and W^{2) as 



fe2=fcl x (k 2 - h) + 0((k 2 - h) 2 ). 



(3.16a) 
(3.16b) 



wr(2) 



dk 2 l fc 2=fel 
2,n-2 I 

dk 2 l fc 2=fel 



^1,^-2 



frffiUi i ,(2) 
dk 2 Ite2=fci Vl,n—1 

*C-2 | ,/,(2) 



dk 2 



(3.17a) 



W*(2) 



; 2,re-2 I 

dk 2 l fc 2=fci 



<rL,n-l 
SH.,n-2 



+ 



dfc 2 l fc 2=fei 

dk 2 l«2=fci ^1^-2 



(3.17b) 



Taking ^j 1 ^ and t/"^ as equation (3.6) or equation (3.5), and using the 2-step Darboux transformation, 
we can obtain 1-positon and 1-negaton solutions, respectively. However, they are too long to write 
here. We now analyze the asymptotic behaviour for the positon. We first have 



Wjf\2) 



t cos 2fci 



X C 



X C 



(1) 

22 

(2) 
22 



[2(c 
cos (9 
cos (6* 



(1)„(1) + c (2)^(2) _ _ J2)j2) 



12 °21 



11 °22 

,(1), 



'11 C 22 



) fci sin fcx sin 2 fci + (4x cos # + sin 9) 



j2 sin(# — ki)) — (4i COS6 1 + c 21 
eg sin(0 - fci)) + (4? eg + 4? eg - 4?$ - 41 ) cg ) )^] J (3.18) 



.(2) 



sinl 



where = k\n — k\ — isin2fci, 77 = n — 1 — 2icos2fci. And Wn (2) has a completely similar formula. 
Substituting Wn\2) and wjpft) into equation (2.17), and by careful analysis, we obtain the following 
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asymptotic behaviour of the 1-positon: 

rol h (sin 0, cos 0, sin 20, cos 20) 
a n [2\ = 1 , n — > ±oo (3.19a) 

n 

, roi 3i (sin 0, cos 6>, sin 20, cos 20) 

o n [2J = , n — > ±oo, (3.19b) 

rol -. / 2 (sin0,cos0,sin20,cos20) , . 

a n [2J = 1 , t — > ±oo, (3.19c) 

• roi 92 (sin 0, cos 0, sin 20, cos 20) 

6 n [2J = - , t — > ±oo, (3.19d) 

where /«, <7j(i = 1,2) are two rational functions of variables. The asymptotic behaviour (3.19) yields 
the conclusion that the 1-positon of coupled Volterra equation has slow oscillating decay. We have 
seen that the singularity structures of positons are complicated. For example, the positon of the 

KdV equation is singular [22j[23]; the positon of the Toda lattice is 'weakly singular' singularity 

occurs only at some values of t for every lattice site n [25J; non-singular positons of the non-local 
KdV equation and the discrete sinh-Gordon equation have also been found. The analysis of the 
singularity structure of the 1-positon presented in this paper is difficult, since the formula of this 
positon is very complicated. By using the method of numerical analysis, for the random values of t 
(e.g., t = —8.45,-2,0,1.39,6.78,20), we do not find the singularity of this positon for every lattice 
site n. We thus think this positon is non-singular. This conclusion is supported by the Fig. 5 which 
describes the evolutions of the positon ( with = = c|q = l,^ = 3; k\ = 2). We also make 
the graphs of the negaton (with = = Cyy = l,c^ = — l;fci = 2). Obviously, this negaton is 
not a translational solution and changes its form with time. N-positon and N-negaton solutions can 
be derived through the limit kn —> ki,i = 1,2...N and 2N-step Darboux transformations. 

Finally, we remark here that for a > case, setting — > ic^,j = 1,2, or — > ic^i,c^ — > 
icj2,j = 1,2, we can obtain corresponding 1-form and 2-form solutions to coupled Volterra system 
(1.5). 
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Fig. 5. The evolutions of 1-positon. 
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4 Conclusions 

We have found new explicit solutions for a coupled Volterra system by using the Darboux trans- 
formation. These new solutions include multi-soliton, multi-positon, multi-negaton, multi-periodic, 
soliton-periodic, soliton-rational, and periodic-rational solutions. We have analyzed their dynamical 
properties. For example, the multi-periodic solutions are periodic in both space and time under proper 
conditions. In the 1-periodic and 2-periodic cases, the period of the space and time are given. The 
asymptotics of the positon is described. The positon obtained in this paper is a non-singular solution. 
We also have made plots for these new solutions. They can help one better understand their dynamical 
properties. 



Acknowledgments 

The work of ZNZ is supported by the National Natural Science Foundation of China under grant 
10971136. 



15 



References 



[1] M. J. Ablowitz and P. A. Clarkson, Solitons, nonlinear evlution equation and inverse scattering, (Cam- 
bridge University Press, Cambridge, 1991). 

[2] V. B. Matveev and M. A. Salle, Darboux Transformations and Solitons, (Springer, Berlin, 1991). 

[3] P. A. Damianou, 1993, Symmetries of Toda equations, J. Phys. A: Math. Gen. 26, 3791-3796. 

[4] M. A. Almeida, M. E. Magalhaes and I. C. Moreira, 1995, Lie symmetries and invariants of the Lotka- 
Volterra system, J. Math. Phys. 36, 1854-1867. 

[5] I. Y. Cherdantsev and R. I. Yamilov, 1995, Master symmetries for differential difference equations of 
the Volterra type, Phys. D, 87, 140-144. 

[6] M. Schwarz, 1982, Korteweg-de Vries and nonlinear equations related to the Toda lattice, Adv. in Math. 
44, 132-154. 

[7] B. A. Kupershmidt, 1985, Discrete Lax equations and differential-difference calculus, Asterisque 
123, Soc. Math, de France. 

[8] C. Morosi and L. Pizzocchero, 1996, On the continuous limit of integrable lattices I. The Kac-Moerbeke 
system and KdV theory, Commun. Math. Phys. 180, 505-528. 

[9] D. Gicsekcr, 1996, The Toda hierarchy and the KdV hierarchy, Commun. Math. Phys. 181, 587-603. 

[10] S. Y. Lou, B. Tong, M. Jia and J. H. Li, A coupled Volterra system and its exact solutions, e-print 
\arXiv:0711.0420\ 

fill J- A. Gear, 1985, Strong interactions between solitary waves belonging to different wave modes, Stud. 
Appl. Math. 72, 95-124. 

[121 V. A. Brazhnyi and V. V. Konotop, 2005, Stable and unstable vector dark solitons of coupled nonlinear 
Schrdinger equations: Application to two-component Bose- Einstein condensates, Phys. Rev. E, 72, 
026616. 

[131 S. Y. Lou, B. Tong, H. C. Hu and X. Y. Tang, 2006, Coupled KdV equations derived from two-layer 
fluids, J. Phys. A: Math. Gen. 39, 513-527. 

[141 R- Sahadevana and S. Balakrishnan, 2008, Similarity reduction, generalized symmetries, recursion op- 
erator, and integrability of coupled Volterra system, J. Math. Phys. 49, 113510. 

[151 V. B. Matveev, 1979, Darboux transformation and the explicit solutions of differential-difference and 
difference-difference evolution equations I, Lett. Math. Phys. 3, 217-222. 

[161 V. B. Matveev and M. A. Salle, 1979, Difference-difference evolution equations II (Darboux transfor- 
mations for Toda lattice), Lett. Math. Phys. 3, 425-434. 

[171 G. Neugebauer and R. Meinel, 1984, General N-soliton solution of the AKNS class on arbitrary back- 
ground, Phys. Lett. A, 100, 467-470. 



16 



[18] C. H. Gu and Z. X. Zhou, 1987, On the Darboux Matrices of Backlund Transformations for the AKNS 
SystemsLett. Math. Phys. 13, 179-187. 

[19] C. H. Gu, H. S. Hu and Z. X. Zhou, Darboux Transformations in Integrable Systems: Theory and their 
Applications to Geometry (Springer, Berlin, 2005). 

[20] C. Rogers and W. K. Schicf, Backlund and Darboux Transformations: Geometry and Modern Applica- 
tions in Soliton Theory, (Cambridge University Press, Cambridge, 2002). 

[21] A. Bobenko and R. Seiler, Discrete Integrable Geometry and Physics, (Oxford University Press, Oxford, 
1999). 

[22] V. B. Matveev, 1992, Generalizd Wronskian formuula for solutions of the KdV equations: first applica- 
tions, Phys. Lett. A, 166, 205-208. 

[23] V. B. Matveev, 1992, Positon-positon and soliton-positon collisions: KdV case, Phys. Lett. A, 166, 
209-212. 

[24] V. B. Matveev, 1994, Asymptotics of the multipositon-soliton r function of the KortewegCde Vries 
equation and the supertransparency, J. Math. Phys. 35, 2955-2970. 

[25] A. A. Stahlhofen and V. B. Matveev, 1995, Positons for the Toda lattice and related spectral problems 
, J. Phys. A: Math. Gen. 28, 1957-1965. 

[26] C. Rasinariu, U. Sukhatme and A. Khare, 1996, Negaton and positon solutions of the KdV and mKdV 
hierarchy , J. Phys. A: Math. Gen. 29, 1803-1823. 



17 



